Abstract. The zeros of the polynomials P"(z) = 2"=¿rJ are studied and a number of open questions are discussed.
pairs of complex conjugate numbers. Denote by S(n), S¡(n), and Se(n) the three sets of all these pairs of complex numbers that lie on U, in U¡, and in Ue, respectively. Let further N(n), Nt(n), and Ne(n) be the numbers of pairs in S(n), Sfn), and Se(n), respectively; hence N(n) + N,(n) + Ne{n) = 2"'2 -1.
2. The zeros, e say, in the set S(n) are of particular interest and lie by the definition of S(n) on the unit circle U. These zeros can be divided into two classes C, and C2, where the elements of C, are roots of unity, while the elements of C2 are not. Here, for the various values of n, all three sets S(n), C,, and C2 may possibly be empty.
A classical theorem by L. Fuchs ([2] ; for a modern treatment see Evans [1] ) allows us to determine all suffixes n for which the set C] is not empty. Assume that the zero e in C, is a primitive Ä: th root of unity. Then Denote by Zk(z) the /cth cyclotomic polynomial. It is of degree <¡>(k), has rational integral coefficients and highest coefficient 1, has as its roots all the primitive kth roots of unity, and is irreducible over the rational field Q.
By way of example, Fuchs's theorem implies that is divisible by Z9(z), We see from these factorizations that Pb(z) has 3 pairs of complex conjugate cyclotomic roots on U, /°,2(z) has 15 pairs, Pxs(z) has 66 pairs, P20(z) has 30 pairs, and /°T,(z) has 21 pairs of such zeros.
3. There remain the possible zeros in S(n) of class C2. The polynomial z~xPn(z) has integral coefficients equal to 1; all its zeros are thus algebraic units. Hence the zeros of class C2 are algebraic units which are not roots of unity. There are algebraic units of this kind which have the absolute value 1; e.g., the number
where p is a primitive third root of unity, is an algebraic unit of absolute value 1 which is not a root of unity. It is, however, not obvious whether such a number could in fact be a zero of one of the polynomials P"(z). I therefore raise the following question. Problem 1. Do there exist suffixes n for which the equation Pn( z ) = 0 has a nonreal root of absolute value 1 which is not a root of unity"] 4. Consider next the sets S¡(n) and Se(n). Denote by M¡(n) and mt(n) the maximum and the minimum of | e | extended over all the elements e of S¡(n), and define similarly Me(n) and me(n) as the maximum and the minimum of | e | extended over the elements e of Se(n).
Using a programmable calculator (TI 59), I have for 3 «S n *£ 8 determined all the complex zeros of P"(z) and have also obtained selected zeros for larger values of n. For 3 < n < 8 the number of pairs of complex conjugate zeros of P"(z) is given in the following little table. Thus Nj(n) is for these values of n smaller than Ne(n). Problem 2. Obtain estimates or asymptotic formulae for N¡(n) and Ne(n) and decide whether always N¡(n) < Ne(n).
5. Consider next the minimum m¡(n) and the maximum M¡(n), using the known zeros of P"(z). With increasing n the maximum M¡(n) tends rather rapidly to 1. If the zeros e of P"(z) are written in the trigonometric form e = p(cos<|> + i • sin<i>), then the arguments # at which the maximum M¡(n) is attained do not seem to follow any simple law, being roughly 79° for n -4, 136° for n = 5, 66° for n = 6, 32° for n = 7, 163° for n = 8, 55° for n = 9, 72° for n = 10, etc.
6. We come next to the exterior minimum me(n) and the exterior maximum Me(n). Both tend rather rapidly to 1 as « tends to infinity. For the equation P"(e) = 0 implies that
Here we are dealing with zeros satisfying | e | > 1. Hence the n -1 terms on the right-hand side all have at most the absolute value 1, and it follows that \e\<(n-l)l/2"-2.
In fact,the convergence to 1 is more rapid. For the maximum Me(n) we obtain the The minimum me(n) tends more rapidly to 1 than Me(n), and again the argument $ of the zero e at which me(n) is attained does not seem to satisfy any simple law, being roughly 73° for n = 3, 137° for n = 4, 37° for n = 5, 11 Io for n = 6, 146° for " = 7, 140° for n = 8, 172° for n = 9, 149° for n = 10, 16° for « = 11, etc.
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use As far as my calculations go, the only zeros of the polynomials P"(z) on the unit circle are roots of unity. Thus, if Problem 1 has a positive answer, P"(z) will be at least of degree 2048, and the suffix n cannot be less than 12 and most probably is very much larger. 
